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Abstract
We perform a high statistics analysis of the phase transition for the 3D Gonihedric Ising model
with κ = 0. This corresponds to an enhanced symmetry point in a class of models defined by Savvidy
and Wegner which were originally intended as discrete versions of string theories on cubic lattices.
In a previous paper it was shown that the model appeared to display a distinct first order phase
transition which persisted for small values of κ, becoming second order when this latter parameter
was further increased.
Our finite size analysis here shows that the scaling behaviour actually differs from that expected
for a standard first order phase transition and suggests that this may be due to the fixed boundary
conditions we employed to ease the definition of a magnetic order parameter. We compare the results
with those for the q = 8 Potts model in 2D (which also displays a strong first order transition) with
fixed boundary conditions in order to provide further supporting evidence.
1 Introduction
Adding extended range interactions, particularly with dierent sign couplings, to the standard Ising
model in two and three dimensions gives a very rich [1, 2] phase structure. One particular class of models
with such extended interactions, the so-called Gonihedric Ising models, have recently aroused interest
because of their putative connection with random surface models and strings. The original discretized
random surface model was developed by Savvidy et al.[3, 4, 5] with the action
S =
1
2
X
<ij>
j ~Xi − ~Xj jθ(αij), (1)
where the sum is over the edges of some triangulated surface, θ(αij) = jpi−αij jζ , ζ is some exponent, and
αij is the dihedral angle between neighbouring triangles with common link < ij >. This was christened
the Gonihedric string.
The above action was translated to plaquette surfaces by Savvidy and Wegner [6, 7, 8, 9, 10, 11, 12]
who rewrote the resulting theory as a generalised Ising model by using the geometrical spin cluster
boundaries to dene the plaquette surfaces. In view of its genesis in the Gonihedric string, this was
called the Gonihedric Ising model. In what follows we shall consider the three dimensional version of this
model, whose Hamiltonian contains nearest neighbour (< i, j >), next to nearest neighbour (<< i, j >>)
and round a plaquette ([i, j, k, l]) terms
H = 2κ
X
<ij>
σiσj − κ2
X
<<i,j>>
σiσj +
1− κ
2
X
[i,j,k,l]
σiσjσkσl. (2)
For generic couplings the spin clusters in the above Hamiltonian generate a gas of surfaces with energy
contributions from area, extrinsic curvature and self-intersections [13, 14, 15]. A noteworthy feature of
the particular ratio of couplings in eq.(2) is the flip symmetry which is not present in the generic case.
It is possible to flip any plane of spins at zero energy cost when T = 0, so the zero temperature ground
state is degenerate, with any layered conguration being equivalent to the ferromagnetic state. A low
temperature expansion shows that this symmetry is lost when T 6= 0 and κ 6= 0 [16, 17]. κ = 0 however
constitutes a special case { the flip symmetry here remains at nite temperature.
There is agreement on the phase structure of the Hamiltonian in eq.(2) from both Monte Carlo [11, 18]
simulations and cluster-variational (CVPAM) methods [16, 19]: when κ > 0 there is a single continuous
transition from a paramagnetic high temperature phase to (with appropriate boundary conditions in the
Monte Carlo case) a ferromagnetic phase. The simulations in [18] used xed boundary conditions in
order to dene a magnetic order parameter, with standard periodic boundary conditions flipped spin
layers with arbitrary interlayer spacings made this unfeasible. It was suggested in [19] that consideration
of a larger space of coupling constants for the terms in eq.(2) indicated that the observed exponents
were eective exponents arising from the proximity of the transition point to the critical end point of a
paramagnetic-ferromagnetic line.
The nature of the transition for κ  0 was then investigated in ref. [20]. A zero temperature anal-
ysis [18] shows that there is a further \antiferromagnetic" symmetry in the ground state when κ = 0,
which is already apparent from the Hamiltonian itself. This extra symmetry, and the persistence of flip
symmetries at non-zero T suggest that κ = 0 is a special point in the space of Hamiltonians eq.(2). The
results of ref. [20] showed clear evidence for a rst order transition at κ = 0 1, albeit without a serious
scaling analysis because of the modest statistics available. We remedy that lacuna in this paper, and nd
a surprise: although many of the properties of the transition are consistent with rst order behaviour
(appearance of two peaks in the energy and magnetisation histograms, tunnelling events in time-series
etc . . . ) a scaling analysis apparently excludes standard rst order exponents.
The plan of the paper is as follows. In sec.2 we present the model and the methods of simulation used
and discuss the results of the Monte-Carlo simulations. Sec. 3 is devoted to the analysis of the critical
exponents. We attempt to provide an explanation for the apparently paradoxical results in sec. 4 where
we discuss the 2D 8-states Potts model with xed boundary conditions. This is known to display a rst
order phase transition, but with xed boundary conditions we nd very similar results for the scaling
behaviour to the Gonihedric model. Finally, sec. 5 contains the summary of the work.
1The transition apparently stays first order for small κ values.
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2 The Gonihedric Ising model at κ = 0
As we have already noted, the flip symmetry poses something of a problem when carrying out simulations
since it means that a simple ferromagnetic order parameter
m =
*
1
L3
X
i
σi
+
. (3)
will be zero, because of the observed layered nature of the ordered state. Staggered magnetisations are
of no use since the inter layer spacing can be arbitrary. On a nite lattice it is possible, however, to
force the model into the ferromagnetic ground state by xing sucient perpendicular spin planes, either
internally or on the boundaries of the lattice.
We choose to x internal planes of spins in the lattice, whilst retaining the periodic boundary con-
ditions. This has the desired eect of picking out the ferromagnetic ground state, whilst reducing nite
size eects from the boundaries. We can therefore still employ the simple order parameter of eq.(3). For
κ = 0 the Hamiltonian we simulate is
H =
1
2
X
[i,j,k,l]
σiσjσkσl. (4)
It is perhaps worth emphasising that spins live on the vertices of the cubic lattice rather than on the links,
so the model of eq.(4) is not the three dimensional Z2 gauge model that is dual to the three dimensional
Ising model.
In ref. [20] numerical simulations using a simple Metropolis update with 4104 thermalisation sweeps
followed by 105 measurement sweeps at each β value were performed. It was shown that the energy
displayed a discontinuity at β ’ 0.505 and that there was a very sharp change in the magnetisation in
this region too. These are both generic features of rst order transitions as was the very large peak in
the susceptibility χ which seemed to display trivial rst order scaling. It was also observed that Binder’s
energy cumulant
UE = 1− hE
4i
3hE2i2 (5)
scaled to a non-trivial value (< 2/3) which is typical of a rst order transition.
To conrm the rst order nature of the transition is necessary to perform a nite size analysis and to
determine the critical exponents from the scaling laws. The anomalous exponents found in the analysis
of ref. [21] for the κ 6= 0 model suggest that an extremely careful analysis must be done to obtain reliable
conclusions. We simulated the model on lattices of size L = 10, 12, 15 and 18 sites, using a Metropolis
update algorithm, both for comparison with the earlier simulations and because no cluster algorithms
have yet been developed for the Gonihedric models. In order to get condence with the statistical quality
of the data, we have rst measured the autocorrelations, τe 2 of the energy time-series for each lattice size
in order to determine both the number of thermalisation sweeps and the number of measurement sweeps
needed to obtain a signicant number of independent measurements. It is generally accepted [22] that
20τe iterations are enough in order to have the series thermalised and about 100τe to have a suciently
large time series. Table 1 collects this data , where nth is the number of thermalisation sweeps and nm
is the number of measurement sweeps.
L τe nth/τe nm/τe
10 80 6250 250000
12 280 1800 71500
15 4800 100 4200
18 124000 20 100
Table 1: Autocorrelations
2The results for the magnetisation autocorrelations are similar.
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Note that these statistics improve by a factor of 200 the quality of the previous simulations.
Figures 1 and 2 show several time series and the corresponding histograms for the energy and mag-
netisation. The scale of the histogram has been xed in such a way that areas under the histograms
are the same. The time-series for the smaller lattices show clear evidence of tunnelling events, and the
histograms have a distinct two peak structure, but this is washed out on the largest lattice size, suggesting
that one is reaching the limits of a Metropolis algorithm simulation for the system.
3 Nature of the phase transition
In order to determine the nature of the phase transition which this model exhibits we have measured
several standard observables, the specic Cmaxv , the magnetic susceptibility χ
max, d log hjmji/dβjmax and
d log
〈
m2

/dβ

max
,
For each observable we have performed a least squares t according to the expected standard scaling
behaviour for a rst order phase transition:
Cmaxv = c0 + c1L
D+ ,
χmax = χ0LD+ ,
d log hjmji
dβ

max
= A1LD+ ,
d log
〈
m2

dβ

max
= A2LD+ ,
(6)
and also for each critical temperature we have assumed
βic = βc(1) + biL−D− . (7)
For standard rst order scaling one has D+ = D− = D (in our case D = 3).
The main results of our ts are collected in table 2, where D+ and D− are as dened above. We have
collected also the innite volume extrapolation of the critical temperature βc and the quality of t Q−
for each critical temperature.
Cmaxv χ
max d log hjmji
dβ

max
d log
〈
m2

dβ

max
D+ 4.972(2) 4.907(7) 4.548(8) 4.42(1)
Q+ - - - -
D− 1.21(2) 1.35(1) 1.34(1) 1.36(1)
βc(1) 0.5432(7) 0.5378(6) 0.5381(6) 0.5377(6)
Q− 0.54 0.32 0.42 0.66
Table 2: Fits for dierent observables
We remark that the quality of t, Q+, for the various D+ estimates are uniformly very poor, so the
quoted (statistical only) errors should be treated with some circumspection. However, the ts to D−
from the scaling of the various βc estimates are of very good quality, as can be seen from the Q− values.
It is clear from gure 3, that on the basis of the D− ts standard rst order behaviour can be ruled out.
For the D+ ts, the quality is poor, but the central estimates in all cases exclude a volume behaviour.
Figure 4 show the ts obtained assuming D+ = 4 − 5 (solid lines) and those obtained D+ = 3 (dashed
lines). The larger values of D+ are clearly a much better t than the standard value of D+ = D = 3.
It is also worth remarking that the βc(1) estimates in the table above are in good agreement with the
CVPAM estimates for κ = 0 in [16] which found βc  0.55. This is reassuring as the cluster variational
approach generally does a good job of locating phase boundaries and transition points.
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We have thus found that all the observables expected to grow according a volume law (L3) increase
faster ( L4,5), and that those expected to shift as L−3 move more slowly ( L−1.3) in spite of the
apparent rst order behaviour of the timeseries and histograms. Clearly some explanation is in order,
and in the next section we appeal to simulations of the D=2 8-state Potts model for enlightenment.
4 Anomalous FSS in the D=2 8-state Potts model with Fixed
Boundary Conditions
It is well known that the two dimensional q-state Potts model exhibits continuous transitions for q  4
and discontinuous (rst order) transitions for q > 4. As q increases the transition becomes increasingly
strong.
One atypical feature of the Gonihedric simulations reported above is the use of xed boundary con-
ditions, or at least xed spin planes, in order to penalise flipped states. To see if the imposition of such
boundary conditions might eect the expected scaling of a rst order phase transition we have performed
a study of the q=8 Potts model imposing xed boundary conditions. Another motivation for this study
comes from the discussions about the role of the imposition of the xed boundary conditions on the gauge
U(1) lattice theory as a way of eliminating the presence of closed monopole loops through the bound-
aries. The full motivations and results of this study will be presented elsewhere [23]. Nevertheless, an
interesting conclusion of such an analysis is relevant to our purposes here, since it gives an close parallel
of the abnormal scaling behaviour found in the Gonihedric simulation.
Let us summarise the main points of the Potts analysis. Lattice sizes have of 1002,1502,2002,2502, 3002
and 3502 were used. The statistics were 1.5 million sweeps for thermalisation followed by 12.7 million
measurement sweeps. This represents 15τ for thermalisation and 127τ for measurement, since τ = 100000.
The simulation algorithm used, mainly for comparison with the lattice gauge studies, was in this case
heat bath.
Table 3 collects the main, but still preliminary, results. It is known that in the innite volume limit
βq = log(1 +
p
q). All tables and gures show β8 − βic(1).
Cmaxv χ
max d log hjmji
dβ

max
d log
〈
m2

dβ

max
D+ 2.58(7) 2.67(5) 2.62(5) 2.62(5)
Q+ 0.51 0.21 0.15 0.15
β8 − βc(1) 0 10−3 0 10−3 0 10−3 0 10−3
D− 1.33(10) 1.35(12) 1.38(12) 1.39(11)
Q− 0.62 0.63 0.62 0.62
Table 3: Fits for dierent observables for the 2D q=8 Potts model.
Figure 5 collects the susceptibility χmax(L) and its corresponding βc(L).
The similarities with the Gonihedric simulations are striking. For the Potts model, the observables
grow as ( L2.6) instead of (L2), and the critical temperature scaling gives a shift proportional to ( L−1.4
instead of L−2). The similarities of the behaviour observed in these dierent models (3D Gonihedric +
Metropolis vs 2D Potts + heat bath) suggest that the fact of xing some planes of spins (internal for the
Gonihedric, boundaries for Potts) change the volumetric scaling laws expected for rst order transitions.
Put briefly, the increases are faster (D+ > D) and the decreases are slower (D− < D) than expected.
However, the asymptotic critical couplings seems to remain unchanged as can be conrmed in the Potts
case where there is an analytical estimate to compare with.
Note that for rst order transitions we do not have true universal behaviour so that it is not in-
conceivable that the exponents should be modied. The modications induced by xing planes in a
second order transition would be, presumably, very dierent as the critical exponents are universal and
critical couplings are not. One might also expect that xed planes would do less violence to the ground
state structure in the Gonihedric model when κ 6= 0 as we have already noted that the flip symmetry is
suppressed at nite temperature and that the true ordered state is ferromagnetic rather than layered.
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5 Summary
We have simulated the 3D Gonihedric Ising model with κ = 0 and observed a very clear rst order
transition which, however, displays abnormal scaling behaviour. Observables increase / D+ > D, instead
of LD, and the critical coupling shifts with an exponent D− < D instead of L−D.
A possible explanation of this phenomena lies in the observation that in the simulations we have xed
some spin planes. This has been performed in order to avoid the layer symmetry that the cold phase of
this model exhibits. This assumption seems to be conrmed from the behaviour of the 2D q=8 Potts
model with xed boundaries, which shows a very similar abnormal scaling behaviour.
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Figure 1: Monte Carlo evolution for the energy with the corresponding histograms for L = 10, 12, 15, 18.
The histogram axes are the same in order for easy comparison. Note that for large L the separation
between the phases grows and tunnelling is more dicult.
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Figure 2: Monte Carlo evolution for the magnetisation with the corresponding histograms for L =
10, 12, 15, 18. The histogram axes are again the same. The ordered phase (m = 1) has the lower energy
(e = −1.5 in g. 1).
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Figure 3: FSS of βCvc (a) and βχc (b). The solid line is for a t keeping D− free, while dashed line is for
a t with D− = 3. The values for the other critical coupling would overlap the graph.
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Figure 4: FSS for Cv (a) and some \magnetic" observables. Solid lines are for a t keeping D+ free, while
dashed line are for a t with D+ = 3. The goodness of t is rather poor, but nonetheless volume-like
behaviour is completely excluded.
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Figure 5: In the 2D 8-states Potts model, gure (a) shows the peak of the magnetisation χmax(L) and
gure (b) shows the scaling of β8 − βχc (L). The solid line is the t keeping the exponent free, while the
dashed line is the t with D = 2. The standard 1st order scaling is completely excluded.
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